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Let M, = M,(C) be the algebra of n x n complex matrices. For A € M,
we write A > 0 if A is positive semidefinite and A > 0 if A is positive
definite, that is, A is positive and invertible. For two Hermitian matrices A
and B, we write A> Bif A— B >0, and it is called the Lowner partial
ordering. A norm ||-|| on M, is said to be unitarily invariant if

JUXV| = || X]| for all X € M, and unitary U, V.

For any matrix A € M, the numerical radius w(A) is defined by

w(A) = sup{|(Ax,x)| : |x] = 1,x € C"}.

Then the numerical radius is unitarily similar: w(U*AU) = w(A) for all
unitary U.
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Geometric means A'=*B% Atf, B and A {, B

Let A and B be positive definite matrices. The a-geometric mean A f, B
is defined by

Aty B= A (A—%BA—%>QA% for all a € [0, 1],
The chaotic geometric mean A {, B is defined by
A $o B =ellma)logAtalogB  for 5] o € R.

If Aand B commute, then A, B=A {, B= A"9B for all a € [0, 1].
However, we have no relation among A t, B, A o B and A1=®B® for all
a € [0, 1] under the Lowner partial order.

Remark: )
A $q B=1lim((1— a)AP + aBP)r.
p—0
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Motivation

Specht estimated the upper bound of the arithmeticmean by the geometric
one for positive numbers: For xi,...,x, € [m, M],

VX1X2 " Xp S ettt < S(h)v/xixa - xn

n
where h = % and the Specht ratio is defined by

1

(h—1)hr-1
elogh

S(h) = (h#£1) and S(1)=1
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Motivation

Specht estimated the upper bound of the arithmeticmean by the geometric
one for positive numbers: For xi,...,x, € [m, M],

VX1X2 " Xp S ettt < S(h)v/xixa - xn

n
where h = % and the Specht ratio is defined by

1

(h—1)hr-1
elogh

S(h) = (h#£1) and S(1)=1

Comparison between A £, B and A $, B

Let A, B be positive definite matrices with m/ < A, B < MI. Then

S(h)™*A $n B< Aty B<S(h)A $o B
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Norm inequality for geometric means

Let A, B be positive definite matrices. Then for every unitarily invariant
norm -

1A ta BI < A 0o Bl < ||A*B%|| forall a € [0,1].
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Norm inequality for geometric means

Let A, B be positive definite matrices. Then for every unitarily invariant
norm -

1A ta BI < A 0o Bl < ||A*B%|| forall a € [0,1].

We have the following numerical radius inequalities:

Numerical dadius inequality for geometric means
Let A, B be positive definite matrices. Then

w(A to B) < w(A On B) < w(AT*BY) for all a € [0,1],
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The purpose of this talk

We discuss numerical radius inequalities related to the geometric means.
Though the numerical radius is not unitarily invariant norm, the numerical
radius is unitarily similar. In this talk, we show numerical radius

inequalities related to the geometric means of negative power for positive
definite matrices.
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Geometric mean of negative power

Geometric mean of negative power
The 3-quasi geometric mean A lig B is defined by

8
Atg B = A (A—%BA—%) AZ  forall §€[-1,0),

whose formula is the same as f,.
The chaotic geometric mean A {3 B is defined by

A $p B = ell-PlogAtBlog B o 5] g € [-1,0).

The geometric mean is A1#B? for 3 € [-1,0).
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Geometric mean of negative power

Geometric mean of negative power
The 3-quasi geometric mean A lig B is defined by

8
Atg B = A (A—%BA—%) AZ  forall §€[-1,0),

whose formula is the same as f,.
The chaotic geometric mean A {3 B is defined by

A $p B = ell-PlogAtBlog B o 5] g € [-1,0).

The geometric mean is A1#B? for 3 € [-1,0).

IA 4o Bl < A Oa Bl < [|AY*B||  for all a € [0,1].
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Geometric mean of negative power

Ando-Hiai inequality

Let A, B be positive definite matrices. Then

IA $a Bl < IA Ga Bl for all o € [0, 1].
The log-majorization theorem due to Ando-Hiai: For each a € (0, 1]
A" to B" <(1og) (A o B)" for all r > 1.

This implies

)

W(AP ¢, BP)» for 0 < g < p.

Lie-Trotter formula is

Ao B = lim(A7 ty BY)s  fora e (0,1]
q—0
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Geometric mean of negative power

Ando-Hiai log-majorization of negative power
Let A, B be positive definite matrices and 3 € [-1,0). Then

A" hg B’ '<(Iog) (A h/j» B)r for all r € (0, ].] (*)
or equivalently

(A9 5 BY)3 <(og) (AP b3 BP)5 forall 0 < g < p
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Geometric mean of negative power

Proof

By the antisymmetric tensor power technique, in order to prove (*), it
suffices to show that

)\1(Ar hﬁ Br) < )\1(A hﬂ B)r forall0 < r<1. (1)

For this purpose we may prove that A fjg B < [ implies A" fijg B" </,
because both sides of (1) have the same order of homogeneity for A, B, so
that we can multiply A, B by a positive constant.

First let us assume % <r<landwriter=1—cecwith0<e< % Let
C=A2B"1A2. Then B-l=A"2CA 2 and Aty B=A:CPAz. If
At B <, then C# < A7l so that A < CP and A° < CF¢ for

0<e<L % by Lowner-Heinz inequality.
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Geometric mean of negative power

Since —3 € (0,1] and 1 — ¢ € [3, 1], we now get

1—¢ e—1 e—1 1—¢

AT Bl A )PA™
Al;s (B_l)l_EAlge )_BAIEE
AT (A2CA ) AT ) AT

=&

A2 At CJA2)PA:
A fp (At C)|AT
€% fa (C* f1-e C)]AZ™,

Il
N
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Geometric mean of negative power

Proof

using the joint monotonicity of matrix geometric means. Since a direct
computation yields

CPe 4 (C° f1-e €)= CPO7)

and by Léwner-Heinz inequality and 0 <1 —2e <1, C~® < A~ implies
CA-22) < A=(1-2) 3pd thus we get

Ar hﬂ Br S A%—Ecﬁ(&f—l)A%—E S A%_EA_1+2EA%_E — /.

Therefore (1) is proved in the case of % <r<1.
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Geometric mean of negative power

Proof

When 0 < r < % writing r = 2_k(1 —¢)with ke Nand 0 <e < % and
repeating the argument above we have

M(A bg BT) < M (A27V0e) py g2 P02y

S )\1(A1_€ h,@ 81—5)2*"
< M(Abg B)'

and so we have the Ando-Hiai log-majorization

A" hﬁ B’ <(|og) (A hB B)r for all r € (0, 1] (*)
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Geometric mean of negative power

By the Ando-Hiai log-majorization of negative power,

a5 &

forall0<g<p

we have the following norm inequalities for geometric means of negative
power:

Theorem 1

Let A and B be positive definite matrices. Then for every unitarily
invariant norm

JAGs BI<[A4; Bl forall 8¢ [-1,0).

lAts Bl < ||428%  forall pe[-1,-3]
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Geometric mean of negative power

Proof of Theorem 1
By the Ando-Hiai log-majorization of negative power, it follows that

m (A% 15 BY) forall0 < g < p

and as ¢ — 0 and p = 1 we have the desired inequality by the Lie-Trotter

formula: )
A g B = lim (A9 is B9)a for 5 € [-1,0)
q—0

and thus

1A Gs BI<lAbs Bl forall B [~1,0).
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Geometric mean of negative power

Proof of Theorem 1

For the matrix norm |-||, by the Araki-Cordes inequality
|BEALB| < |(BAB)!| for all t € [0,1], we have for —1 < 8 < —1

|A s B] = |AZ(A"2BA™Z)P A3

1
< |arEPat| fori<-%<1

— (Al—ﬁ B25A1—B)%
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Geometric mean of negative power

Proof of Theorem 1

and so we have

M(A s B) < M((AYPBPAIF)z) = A (|BPALT)).
This implies

k k
[[)(Ats B) < H (IBPAYP))  fork=1,...,n
i=1

Hence we have the weak log majorization A fig B < (10g) }BﬁAl_ﬁ‘ and
this implies

1485 81 < |54 = [| 242 = [} a-27]

for every unitarily invariant norm.
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Geometric mean of negative power

Let A and B be positive definite matrices. Then

JAGs Bl <llAts Bl forall € [-1,0).

IA s BJ| < H\AlfﬂBﬁm for all 8 e [-1,—1].
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Geometric mean of negative power

Let A and B be positive definite matrices. Then

JAGs Bl <[lAts Bl forall € [-1,0).

IA s BJ < ‘HAlfﬂBﬁm for all B € [-1,—4].

Remark
In Theorem 1, the inequality [|A g B < |HA1_5Bﬁ|H does not always hold

for —1/2 < 3 < 0. In fact, if we put 8= —3, A= (2 1) and

1 2
2 1 .
B = (1 1), then we have the matrix norm HA h_% BH = 3.385 and
|4iB=3| = 3.375, and so |4 b5 BI > |48,
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Geometric mean of negative power

Let A and B be positive definite matrices. Then for every unitarily
invariant norm

1A 05 BI < 1A 55 Bl < |AP8°||  forall e [-1,-4].
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Geometric mean of negative power

Let A and B be positive definite matrices. Then for every unitarily
invariant norm

14 05 BI < 1A 55 Bl < |AP8°||  forall e [-1,-1].

Let A and B be positive definite matrices. Then

w(A $p B) < w(A g B) < w(A¥PBP)  forall g € [-1,-1].
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Geometric mean of negative power

counterexample

We would expect that the numerical radius inequality
w(Ats B) < w(A'PBP)  forall B € [-1,-1].

However, the numerical radius w(-) is not unitarily invariant norm and
unitarily similar. In fact, we have the following counterexample: We
consider the case of g = —%. Put

10 5 4
A_<O O> and B—<4 5).
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Geometric mean of negative power

counterexample

and we have

and

Then we have w(A
Hence

does not always hold.
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Geometric mean of negative power

counterexample
For the case of g = —1

At_1 B=AB 1A= (

5
2p-1_ (9 —
wet= (3 )

Then we have w(A?B~1) =1 (g + @) >3 =w(Al_1 B).
Hence

[@Xt1[4;]
o O
~_

Ol

w(A g B) < w(A¥PBP)  for B = -1
hold.
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Numerical radius inequality for geometric means

w(A $p B) < w(A g B) for all g € [-1,0)
and

w(A Op B) < w(A7FBP)  forall BER

We show the following numerical radius inequalities releted to the
geometric means of negative power:
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Numerical radius inequality for geometric means

w(A $p B) < w(A g B) for all g € [-1,0)

and
w(A Op B) < w(A7FBP)  forall BER

We show the following numerical radius inequalities releted to the
geometric means of negative power:

Let A and B be positive definite matrices. Then

w(A s B) < w(AX1-P9B289) 25 forall B e [-1,—1] and g > 1.
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Numerical radius inequality for geometric means

Proof of Theorem 2

We recall the Araki-Cordes inequality for the matrix norm: If A, B > 0,
then

|BPAPBP| < |BAB|P  forall0<p < 1.

For B € [—1,—3], we have |A iz B| < |A9 15 Bq||% for all ¢ > 1 and this

implies

w(A s B) = |Ats B| <A by BI[s forall g>1

Q=

= |AZ(A"2BIA )P AZ

Q=

q

= |AZ(AZB9AZ) P A2

=B
q

—(1-B)g —(1-B)q
2 28

B7IA forall 3 <-p<1

IN

A

v

Yuki Seo (Osaka Kyoiku University) Numerical radius inequalities

27 / 38



Numerical radius inequality for geometric means

Proof of Theorem 2

=B
q

—(1-B)q

IN

HA(l—ﬁ)q B2Ba pA(1-B)q| %

= r(A=Pa B2ﬁqA(1—ﬁ)q)71q
= r(AZ(l—ﬂ)q B%q)%q

< W(A2(1—ﬁ)q32ﬁq)i

and so we have the desired inequality.
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Numerical radius inequality for geometric means

Let A and B be positive definite matrices. Then
w(A Op B) <w(A2 BPAZ ) < w(A by B) < w(A21-9B28):

for all B € [-1,—1].

(Proof) If we put g =1 in Theorem 2, then we have this corollary.
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Numerical radius inequality for geometric means

Finally, we consider the relation between w(A'~#B#) and

w(A20-A) B28)z . To show inequalities related to w (A9 B#) for

B € [-1,0), we need the following Cordes type inequality related to the
numerical radius:

Let A and B be positive definite matrices. Then

2
2

w(AB) < w(A»B?)5  forall p € (0,1]
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Numerical radius inequality for geometric means

By Lemma 4, we have a series of the numerical radius inequalities related
to the geometric means of negative power:

Let A and B be positive definite matrices. Then

1—
2

w(A $p B) < W(A% BﬂAJ) < w(AYPBP) < w(A2(1-F)B28)3

for all 8 € R.
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Numerical radius inequality for geometric means

Proof of Theorem 5

It follows that

w(AZ BPAY) = r(A BPATT) = r(ALPBP) < w(APBP)
and by Lemma 4

w(A8BF) < w(A20-P) 32/3)%

for all 8 € R.
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Numerical radius inequality for geometric means

Comparison between w(A fz B) and w(A'°BP)
Let A and B be positive definite matrices. Then

w(A Op B) < w(A2 BPAZY) < w(A by B) < w(A21-8)g28);
for all 8 € [-1,-1].

w(A Op B) < w(A2 BPAZY) < w(AYPBP) < w(A21-F)B2F):
for all 8 € R.
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Numerical radius inequality for geometric means

Evaluation of w(A iz B) and w(A'=?BF)

Let A and B be positive definite matrices with 0 < m < A, B < M for
some scalars m < M. Put h = % If -1<8< —%, then

_1 _ M+ m _
K(h?,—B8)K(h, —28) 2 w(APBP) < w(A tz B) < w(A-8 B
(2. ~B)K(h, ~26) " tw(A""B7) < w(A by B) < ULl (A7)
where the generalized Kantorovich constant K(h, p) is defined by
hP — h p—1hP —1\P
K(h,p) =
9= G=nm g (- H)

for any real number p € R.
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Numerical radius inequality for geometric means

Evaluation of w(A iz B) and w(A'=?BF)

Let A and B be positive definite matrices with 0 < m < A, B < M for
some scalars m < M. Put h = % If —% < B <0, then

K(h?, —B)w(A=PBP) < w(A s B) < K(h, —B) *w(Al =P B¥)

where K(h, p) is the generalized Kantorovich constant.
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A. N. Kolmogorov

A. N. Kolmogorov's word

Finally, we present the following Professor A. N. Kolmogorov's word. He
said in a lecture that

Behind every theorem lies an inequality.

Thank you very much for your attention !!

Yuki Seo (Osaka Kyoiku University) Numerical radius inequalities



	Motivation
	Norm inequality for geometric means of negative power
	Numerical radius inequality for geometric means

