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sup , . , , .

For , numerical radius : sup , , where : , .

: normal

x x y

x

x

H H

A H A Ax Ax y

A A A Ax x A x Ax A H x H

A H A Ax x x x x

A A A





  

 







   

     

   

 

b

b

b

b

 

  
   

          
     

           

1 1

0

. The property 1/ 2 is known.

0, , : 0, :

, , 0, 0,1 . GC

exp, sinh, cosh on 0, . tan, csc, sec on 0, / 2 . arcsin on 0,1 .

log 1 , 1 / 1 on 0,1 . , 0 on 0, .
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Kittaneh 2003 : .
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El-Haddad&Kittaneh 2007 : , 1, 0,1 .
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2 1* , 1, 0,1 .

See e.g.,Abu-Omar&Kittaneh 2013 or Yamazaki2007 and references therein.
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Generalized mixed Schwarz inequality,Kittaneh1988

Let and , . If , are continuous nonnegative functions

on 0, satisfying , 0 , then , .

Jensen type inequality,Mond&Pecaric1995
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onvex function on a real interval containing the spectrum of

the self-adjoint operator , then , , , , 1 .
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Let , , and let : 0, 0, be a continuous inceasing

1
convex function. Then, .
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by Cauchy-Schwarz inequality

, , , ,

, ,
: inc

2

A B H f

f B A f A A f B B

f B Ax x f Ax Bx

f Ax Bx

f Ax Ax Bx Bx f A Ax x B Bx x

A Ax x B Bx x
f f



   

 



 

 

 
 
 
 

Theorem1

Proof

b

 

     

      

* *

* *

easing, AM-GM inequality

1 1
, , : convex

2 2
1

, , by
2

f A Ax x f B Bx x f

f A A x x f B B x x

 

  Lemma2 5



      

  

   

    

   
   

* * *

* *

1

*

1

* *

1

* *

By taking supremum over with 1 for

1
, ,

2

we obtain sup ,

sup , : continuous inceasing

1
sup ,

2

1
.

2

0, 1 satisfies the  conditions in

x

x

x

r

x H x

f B Ax x f A A f B B x x

f B A f B Ax x

f B Ax x f

f A A f B B x x

f A A f B B

f t t t r








 

 

 
  

 



 

 

   Theo

 
.

recovers Dragomir 2009 .
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Let as in and let , , . Then,

1
, 0,1
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Let be the polar decomposition of . Then,
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By substituting and in
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,

we obtain the desired inequality, noting that

.

0, 1 : recovers Shebrawi&Albadawi 2009 .
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*Another inequality for

:convex on , and 1 1 0 *

decreasingness resp.,inceasingness of for 0 resp., 0

:norm-contractive 1, :norm-expansive 1.
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Arguing as before implies the desired inequality.
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Let , and : 0, 0, be a continuous

inceasing convex function. For 0,1 ,
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We omit the weighted case 1 for 0,1 .
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the self-adjoint operator , then , , , , 1 .

Let , 0,1 and : 0, 0, be a continuous inceasing

function.

g J

A g Ax x g A x x x H x

A H f

  

    

Lemma 2'

concave

Theorem 4

geometrically convex

b

        
     

   

222 *

222 *

If in addition is , then

1 .

, 0, 1 recovers El-Haddad&Kittaneh2007 :

1 .

r

rrr

f

f A f A f A

f t t t r

A A A

  

  

  

  

  

convex



11



 
       

 

         
  

1/ 1
2 * * 2 * * 2

Let , , , and let , be continuous nonnegative

functions on 0, satisfying , 0 . If is a continuous

nonnegative increasing convex function on 0, , then for any 0 1,

1
v

A B X H f g

f t g t t t h

v

h A XB v h A g X A vh B f X B







  

  

    
 

Theorem 5 b

 
    

         

 
     

1/

/2

* * 2 * * 2

1

.

In particular, , and 1/ 2

1
, ,

2

which generalizes Shebrawi&Albadawi 2009 for the case ,

since we take and for 0,1 as a specail c

2

2

ase.

2

v

r

r r
r

v v

h t t v

A XB A g X A B f X B

f

r

r

r

t t g t t v





 

 

 









12



   

     

 
 

   2
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We use 1st inequality to improve Shebrawi&Albadawi 2009 .
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Improvements for known results

Put , , , 0, 1, 0,1 .

Improvement of Shebrawi&Albadawi 2009 :

, 1, 0,1 .

Improvement of El-Haddad&Kittaneh
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Alternative inequality by refined Young inequality F.,RACSAM2019
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An improvement of
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: convex s.t., , , .

: 0, : superquadratic 0, s.t.,

, 0 .

S.Abramovich . ., 2004
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For geometrically convex function on 0, and , 0,

, for any 0 or 1 .

Equivalently, # # , 0,1 .
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From , we find with weight 0,1 that

if 0 , then
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